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CYCLIC CONTRACTIONS OF DIMER ALGEBRAS
ALWAYS EXIST
CHARLIE BEIL
Abstract. We show that every nondegenerate dimer algebra on a torus admits
a cyclic contraction to a cancellative dimer algebra. This implies, for example,
that a nondegenerate dimer algebra is Calabi-Yau if and only if it is noetherian, if
and only if its center is noetherian; and the Krull dimension of the center of every
nondegenerate dimer algebra (on a torus) is 3.
1. Introduction
The main objective of this paper is to show that every nondegenerate dimer alge-
bra on a torus admits a cyclic contraction to a cancellative (i.e., consistent) dimer
algebra. Dimer algebras were introduced in string theory [FHMSVW, FHVWK], and
have found wide application to many areas of mathematics, such as noncommuta-
tive resolutions [B5, B7, Bo2, Br, IN], the McKay correspondence [CBQ, IU], cluster
algebras and categories [BKM, GK], number theory [BGH], and mirror symmetry
[Bo, FHKV, FU].
A dimer algebra A = kQ/I is a quiver algebra whose quiver Q embeds into a
Riemann surface, with relations I defined by a potential (see Definition 2.1); in this
article we will assume that the surface is a torus. A dimer algebra is said to be
nondegenerate if each arrow is contained in a perfect matching.
Let A = kQ/I and A′ = kQ′/I ′ be nondegenerate dimer algebras, and suppose
Q′ is obtained from Q by contracting a set of arrows Q∗1 ⊂ Q1 to vertices. This
contraction defines a k-linear map of path algebras
ψ : kQ→ kQ′.
If ψ(I) ⊆ I ′, then ψ induces a k-linear map of dimer algebras, called a contraction,
ψ : A→ A′.
If, in addition, A′ is cancellative and ψ preserves the so-called cycle algebra, then ψ
is called a cyclic contraction. An example of a cyclic contraction is given in Figure
1. Cyclic contractions were introduced in [B1], and have been an essential tool in the
study of non-cancellative dimer algebras. Our main result is the following.
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Figure 1. (Example 3.4.) A cyclic contraction ψ : A → A′. Both
quivers are drawn on a torus, and Q′ is obtained from Q by contracting
the arrow δ ∈ Q1. δ is the only nonrigid arrow in Q.
Theorem 1.1. Every nondegenerate dimer algebra admits a cyclic contraction.
This theorem is important because it implies that the results of [B1, B2, B3, B6,
B8], which assume the existence of cyclic contractions, hold for every nondegenerate
dimer algebra. For example, suppose A admits a cyclic contraction ψ : A→ A′; then
A is cancellative if and only if A is noetherian, if and only if its center Z is noetherian,
if and only if A is a finitely generated Z-module [B3, Theorem 1.1]. Furthermore,
if A is non-cancellative, then Z is nonnoetherian of Krull dimension 3, generically
Gorenstein, and contains precisely one closed point z0 of positive geometric dimension
[B6, Theorem 1.1]. In this case, A is locally Morita equivalent to A′ away from z0,
and the Azumaya locus of A coincides with the intersection of the Azumaya locus of
A′ and the noetherian locus of Z [B5, Theorem 1.1].
We emphasize two points regarding the structure of the map ψ : A → A′ and the
cycle algebra S, assuming ψ is nontrivial.
• Consider the idempotent
 := 1A −
∑
δ∈Q∗1
eh(δ).
Although ψ itself is only a k-linear map and not an algebra homomorphism, the
restriction to the subalgebra
ψ : A→ A′
is an algebra homomorphism. This restriction becomes an algebra isomorphism under
localizations away from z0 [B5, Proposition 2.12.1].
• The cycle algebra S is isomorphic to the center of A′, and is a depiction of the
reduced center Z/ nilZ of A [B6, Theorem 1.1]. Let
S(A) ⊂ Rep1Q0 (A) and S(A′) ⊂ Rep1Q′0 (A′)
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be the open subvarieties consisting of simple modules over A and A′, respectively.
Denote by S(A) and S(A′) their Zariski closures. Then S is isomorphic to the GL-
invariant rings [B5, Theorem 3.14]
(1) S ∼= k[S(A)]GL ∼= k[S(A′)]GL.
Remark 1.2. In the context of a four-dimensional N = 1 abelian quiver gauge
theory with quiver Q, the mesonic chiral ring is a commutative algebra generated by
all the cycles in Q modulo the superpotential relations I. Theorem 1.1 then states,
loosely, that every low energy non-superconformal dimer theory can be Higgsed to a
superconformal dimer theory with the same mesonic chiral ring. (The mesonic chiral
ring is not quite the same as the cycle algebra, however; see [B5, Remark 3.15].)
2. Preliminary definitions
Throughout, k is an algebraically closed field of characteristic zero. Given a quiver
Q, we denote by kQ the path algebra of Q, and by Q` the paths of length `. The
vertex idempotent at vertex i ∈ Q0 is denoted ei, and the head and tail maps are
denoted h, t : Q1 → Q0.
Definition 2.1.
• A dimer quiver Q is a quiver whose underlying graphQ embeds into a real two-
torus T 2 such that each connected component of T 2 \ Q is simply connected
and bounded by an oriented cycle, called a unit cycle.1 The dimer algebra A
of Q is the quotient kQ/I, where I is the ideal
(2) I := 〈p− q | ∃a ∈ Q1 s.t. pa and qa are unit cycles〉 ⊂ kQ,
and p, q are (possibly trivial) paths.
• A and Q are non-cancellative if there are paths p, q, r ∈ A for which p 6= q,
and
pr = qr 6= 0 or rp = rq 6= 0;
otherwise A and Q are cancellative.
In the literature, unit cycles are typically required to have length at least 2 or 3.
However, we allow unit cycles to have length 1 since, under a contraction of dimer
algebras, a unit cycle cannot be contracted to a vertex [B1, Lemma 3.9]. An example
of a cancellative dimer algebra with a length 1 unit cycle is given in Example 3.6.
If a ∈ Q1 is a unit cycle and pa is the complementary unit cycle containing a,
then p equals the vertex et(a) modulo I. The case where p has length 1 leads us to
introduce the following definition.
Definition 2.2. A length 1 path a ∈ Q1 is an arrow if a is not equal to a vertex
modulo I; otherwise a is a pseudo-arrow.
1In more general contexts, the two-torus may be replaced by a Riemann surface (e.g., [BGH, BKM]).
The dual graph of a dimer quiver is called a dimer model or brane tiling.
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The following well-known definitions are slightly modified under our distinction
between arrows and length 1 paths.
Definition 2.3.
• A perfect matching D of Q is a set of arrows such that each unit cycle contains
precisely one arrow in D.
• A perfect matching D is simple if there is an oriented path between any two
vertices in Q \D. In particular, D is a simple matching if Q \D supports a
simple A-module of dimension 1Q0 .
• A dimer algebra is nondegenerate if each arrow is contained in a perfect match-
ing.
For each perfect matching D, consider the map
nD : Q≥0 → Z≥0
defined by sending a path p to the number of arrow subpaths of p that are contained
in D. Note that nD is additive on concatenated paths. Furthermore, if p, p
′ ∈ Q≥0
are paths satisfying p+ I = p′ + I, then nD(p) = nD(p′). In particular, nD induces a
well-defined map on the paths of A.
Now consider a contraction of dimer algebras ψ : A → A′, with A′ cancellative.
Consider the polynomial ring generated by the simple matchings S ′ of A′,
B := k [xD : D ∈ S ′] .
To each path p ∈ A′, associate the monomial
τ¯(p) :=
∏
D∈S′
x
nD(p)
D ∈ B.
The map ψ is called a cyclic contraction if
S := k [∪i∈Q0 τ¯ψ(eiAei)] = k
[∪i∈Q′0 τ¯(eiA′ei)] =: S ′.
In this case, we call S the cycle algebra of A and A′, and say ψ ‘preserves the cycle
algebra’.2
3. Proof of main theorem
To prove our main theorem, we introduce the following. Let A = kQ/I be a dimer
algebra.
Definition 3.1.
• A and Q are cycle-nondegenerate if each cycle, which is not equal to a vertex
modulo I, contains an arrow that belongs to a perfect matching.
• We say two perfect matchings D,D′ of A are equivalent if for each cycle p ∈ A,
nD(p) = nD′(p).
2The uniqueness of S follows from (1); see Corollary 3.14 below.
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• A perfect matching is rigid if it is not equivalent to another perfect matching.
• An arrow a is nonrigid if every perfect matching that contains a is equivalent
to a perfect matching that does not contain a; otherwise a is rigid.
Note that an arrow is nonrigid if it is not contained in any perfect matching, and
it is rigid if it is contained in a rigid perfect matching.
Example 3.2. We give an example of equivalent perfect matchings. Suppose D is a
perfect matching of Q and Q \D has a source at vertex i. Let α and β be the set of
arrows with head at i and tail at i, respectively. Then α ⊆ D. Whence β ∩D = ∅,
since each unit cycle of Q contains precisely one arrow in D. Let D′ be the perfect
matching obtained from D by replacing the subset α with the set β. Then D and D′
are equivalent perfect matchings.
Lemma 3.3. Let Q be a cycle-nondegenerate dimer quiver, and let Q′ be the quiver
obtained from Q by contracting a single nonrigid arrow. Then
(1) no cycle of Q is contracted to a vertex; and
(2) Q′ is a cycle-nondegenerate dimer quiver.
Proof. Let δ ∈ Q1 be the contracted arrow. Denote by ψ : kQ → kQ′ the k-linear
map defined by contracting δ. To show that Q′ is a dimer quiver, it suffices to show
that no cycle in Q contracts to a vertex under ψ. Assume to the contrary that there
is a cycle p for which ψ(p) is a vertex.
Since δ is the only contracted arrow, we have p = δ. Thus, since δ is an arrow
(rather than a pseudo-arrow), δ is a cycle that is not equal to a vertex modulo I.
Therefore, since Q is cycle-nondegenerate, δ is contained in a perfect matching of Q.
But δ is a cycle of length 1. Whence δ is rigid, contrary to our assumption that δ is
nonrigid.
Moreover, Q′ is cycle-nondegenerate since Q is cycle-nondegenerate and δ is non-
rigid. 
Let Q be a cycle-nondegenerate dimer quiver. By Lemma 3.3, we may consider a
maximal sequence of k-linear maps of dimer path algebras
(3) kQ
ψ0−→ kQ1 ψ1−→ kQ2 ψ2−→ · · · ψm−→ kQ′,
where ψj contracts a single nonrigid arrow of Q
j. We claim that the composition
ψ := ψm · · ·ψ0 : kQ→ kQ′
induces a cyclic contraction of dimer algebras
ψ : A = kQ/I → A′ = kQ′/I ′.
In particular, A′ is cancellative and the cycle algebra is preserved.
Example 3.4. Consider the cyclic contraction ψ : A → A′ given in Figure 1. The
contracted arrow δ is nonrigid since it belongs to the perfect matching D = {c, δ},
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Figure 2. (Example 3.5.) Two contractions of the non-cancellative
dimer quiver Q. Each quiver is drawn on a torus. In case (i) ψ is cyclic,
and in case (ii) ψ is not cyclic since the cycle algebra is not preserved.
and D is equivalent to the perfect matching D′ = {a, b} not containing δ. It is
straightforward to verify that all other arrows belong to rigid perfect matchings.
The following example demonstrates why it is necessary to define ψ by a sequence
of single-arrow contractions in (3).
Example 3.5. Consider the two contractions of the non-cancellative dimer quiver
Q given in Figure 2. In each case, the contracted quiver Q′ is cancellative, and the
arrows in Q and Q′ are labeled by their respective τ¯ψ- and τ¯ -images. Furthermore,
the arrows a, b ∈ Q1 are both nonrigid. The cycle algebra is preserved in case (i),
S = k [xz, xw, yz, yw] = S ′.
In contrast, the cycle algebra is not preserved in case (ii),
S = k [x, y, xz, yz] ( k [x, y, z] = S ′.
This shows that, in general, the cycle algebra will not be preserved if more than one
nonrigid arrow is contracted at a time. (In both cases, S is isomorphic to the conifold
coordinate ring k [s, t, u, v] /(st− uv).)
Example 3.6. Consider the cyclic contraction ψ : A → A′ defined by the maximal
sequence of contractions given in Figure 3. Q′ is a cancellative dimer quiver with a
length 1 unit cycle. Observe that both loops, drawn in blue, are redundant generators
for the dimer algebra A′ = kQ′/I ′; however, there is no contraction from A to the
dimer algebra with these loops removed.
Recall that a nondegenerate dimer quiver may contain pseudo-arrows, and thus
may contain length 1 paths that do not belong to any perfect matching.
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Figure 3. (Example 3.6.) A maximal sequence of contractions as
in (3). Each quiver is drawn on a torus. Q′ is a cancellative dimer
quiver with a length 1 unit cycle, and the two blue loops are redundant
generators for the dimer algebra A′ = kQ′/I ′.
Lemma 3.7. The dimer quiver Q′ in (3) is nondegenerate.
Proof. Assume to the contrary that Q′ is degenerate. Then there is an arrow b ∈ Q′1
that is not contained in any perfect matching of Q′. In particular, b is nonrigid. But
then the sequence (3) is not maximal. 
Proposition 3.8. If a perfect matching is rigid, then it is simple.
Proof. Let A be a dimer algebra, and let D be a perfect matching of A which is not
simple. We want to show that D is not rigid.
Let V be an A-module of dimension 1Q0 with support Q \ D. Fix a simple sub-
module S of V . Denote by QS ⊂ Q the supporting subquiver of S.
Let α be the set of arrows in Q \ QS whose tails are vertices in QS, and let β be
the set of arrows in Q \ QS whose heads are vertices in QS. (α and β need not be
disjoint sets.)
(i) We claim that α ⊆ D. Indeed, let a ∈ α. Then t(a) ∈ QS0 and a 6∈ QS1 . Thus,
since S is a simple submodule of V , we have aV = 0. Whence a ∈ D, proving our
claim.
Now consider the set of arrows
(4) D′ := (D \ α) ∪ β ⊂ Q1.
(ii) We claim that D′ is a perfect matching of A. Let σ be a unit cycle subquiver
of Q. It suffices to show that σ contains precisely one arrow in D′.
First suppose σ does not intersect QS. Then by (4), the unique arrow in σ which
belongs to D is the unique arrow in σ which belongs to D′.
So suppose σ intersects QS in a (possibly trivial) path; let p be such a path of
maximal length. Then the head of p is the tail of an arrow a in σ which belongs to α.
Whence a belongs to D by Claim (i). Thus p is unique since D is a perfect matching.
Let b be the arrow in σ whose head is the tail of p. Then by (4), b belongs to D′.
Furthermore, b is the unique arrow in σ which belongs to D′ since p is unique.
Therefore in either case, σ contains precisely one arrow in D′.
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(iii) We claim that D and D′ are equivalent perfect matchings. Let p be a cycle in
A. If p is contained in QS, then
nD(p) = 0 = nD′(p).
So suppose p is a cycle in Q that is not wholly contained in QS. Then p must
contain an arrow in β for each instance it enters the subquiver QS, and must contain
an arrow in α for each instance it exits QS. Since p is a cycle, the number of times p
enters QS equals the number of times p exits QS. It follows that
nD(p) = nD′(p).
Therefore D and D′ are equivalent.
(iv) Finally, we claim that D is not rigid. By Claim (iii) it suffices to show that
D′ 6= D. Since D is not simple, we have S 6= V . Whence α 6= β. Therefore
D′ 6= D. 
Proposition 3.9. A dimer algebra is cancellative if and only if each arrow is con-
tained in a simple matching.
Proof. See [B3, Theorem 1.1]. 
Theorem 3.10. The dimer algebra A′, defined by the sequence (3), is cancellative.
Proof. By Lemma 3.7, Q′ is nondegenerate. Thus, since the sequence (3) is maximal,
each arrow of Q′ is contained in a perfect matching that is rigid. Hence, each arrow of
Q′ is contained in a simple matching, by Proposition 3.8. Therefore A′ is cancellative,
by Proposition 3.9. 
If ψ : A → A′ is a contraction of dimer algebras and A′ has a perfect matching,
then ψ does not contract an unoriented cycle of Q to a vertex [B3, Lemma 3.9]. In
the following, we prove the converse.
Lemma 3.11. Consider the k-linear map of dimer path algebras ψ : kQ → kQ′
defined by contracting a set of arrows in Q to vertices. If no unoriented cycle in Q
is contracted to a vertex, then ψ induces a k-linear map of dimer algebras
ψ : A = kQ/I → A′ = kQ′/I ′.
Proof. Factor ψ : kQ→ kQ′ into a sequence of k-linear maps of dimer path algebras
kQ
ψ0−→ kQ1 ψ1−→ kQ2 ψ2−→ · · · ψm−→ kQ′,
where each ψj contracts a single arrow of Q
j. To show that ψ induces a k-linear map
ψ : A→ A′, that is, ψ(I) ⊆ I ′, it suffices to show that for each 0 ≤ j ≤ m, we have
ψj(Ij) ⊆ Ij+1.
We may therefore assume that ψ : kQ→ kQ′ contracts a single arrow δ.
Let p − q be a generator for I given in (2); that is, p, q are paths and there is an
a ∈ Q1 such that pa and qa are unit cycles. We claim that ψ(p− q) is in ψ(I).
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If δ 6= a, then ψ(pa) = ψ(p)ψ(a) and ψ(qa) = ψ(q)ψ(a) are unit cycles, and
ψ(a) ∈ Q′1 has length 1. Thus
(5) ψ(p− q) = ψ(p)− ψ(q) ∈ I ′.
So suppose that δ = a, and no cycle in Q is contracted to a vertex under ψ. Then
δ is not a loop. Whence, ψ(p) and ψ(q) are unit cycles. But all unit cycles at a fixed
vertex are equal, modulo I ′. Therefore (5) holds in this case as well. 
Theorem 3.12. Let ψ : kQ→ kQ′ be the k-linear map defined by the sequence (3).
Then ψ induces a contraction of dimer algebras ψ : A→ A′, and S = S ′.
Proof. (i) No cycle in Q is contracted to a vertex under ψ, by Lemma 3.3.1. Therefore
ψ : kQ→ kQ′ induces a contraction of dimer algebras ψ : A→ A′, by Lemma 3.11.
(ii) We claim that S = S ′.
The inclusion S ⊆ S ′ holds since the ψ-image of a cycle in Q is a cycle in Q′.
To show the converse inclusion, let us first fix notation. Let pi : R2 → T 2 be a
covering map such that the pi-image of the unit square [0, 1)× [0, 1) ⊂ R2 is the torus
T 2. Then Q+ = pi−1(Q) and Q′+ = pi−1(Q′) are the infinite covering quivers of Q and
Q′, respectively. For each u ∈ Z2, denote by Cu the set of cycles p in Q whose lifts
p+ ∈ pi−1(p) satisfy
h(p+) = t(p+) + u ∈ Q+0 .
Similarly define the set of cycles C ′u in Q′. Finally, set σ := ∏D∈S′ xD. The monomial
σ is the τ¯ψ-image of each unit cycle in Q, and the τ¯ -image of each unit cycle in Q′.
Now assume to the contrary that there is some g ∈ S ′ \ S. By Theorem 3.10,
A′ is cancellative. Thus S ′ is generated over k by σ and a set of monomials in the
polynomial ring B which are not divisible by σ, by [B1, Theorem 5.8 and Proposition
5.13]. Furthermore, σ ∈ S since σ is the τ¯ψ-image of each unit cycle in Q. Therefore
we may assume that g ∈ B is a monomial that is not divisible by σ.
Let u ∈ Z2 be such that g is the τ¯ -image of some cycle in C ′u. Then for each q ∈ C ′u
there is some mq ≥ 0 such that τ¯(q) = gσmq , by [B3, Lemma 4.18].
Let p ∈ Cu. Then ψ(p) ∈ C ′u, by Lemma 3.3.1. Thus, since g 6∈ S, there is some
mp ≥ 1 such that τ¯ψ(p) = gσmp . Whence, each p ∈ Cu satisfies
σ | τ¯ψ(p).
Therefore, since each contracted arrow is nonrigid, each q ∈ C ′u satisfies
σ | τ¯(q).
But this contradicts our assumption that σ - g. 
Theorems 3.10 and 3.12 together imply that every cycle-nondegenerate, hence non-
degenerate, dimer algebra admits a cyclic contraction.
Example 3.13. A dimer algebra for which Theorem 1.1 does not apply is given in
Figure 4. Its quiver contains no perfect matchings, and is thus degenerate.
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Figure 4. The quiver of a degenerate dimer algebra, drawn on a torus.
The following corollary allows us to refer to the cycle of algebra of a dimer algebra.
Corollary 3.14. Every nondegenerate dimer algebra A has a cycle algebra S, and S
is independent of the choice of cyclic contraction, up to isomorphism.
Proof. A nondegenerate dimer algebra A admits a cyclic contraction ψ : A → A′ by
Theorem 1.1, and thus has a cycle algebra S. Recall the isomorphism in (1),
S ∼= k[S(A)]GL.
Since the right-hand side is independent of A′, S does not depend on ψ. 
It was shown in [BIU, Theorem 1.3] that if Q is a nondegenerate dimer quiver,
then a set of its arrows may be contracted to produce a cancellative dimer quiver Q′
with the same characteristic polygon. In future work, we hope to determine how this
theorem is related to Theorem 1.1.
Acknowledgments. The author would like to thank Akira Ishii, Kazushi Ueda, and
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